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1 Abstract

The Pancake Problem concerns the minimum number of moves needed to
order a random stack of di�erently-sized pancakes. Mathematically, this



Figure 1: Flipping a Stack of Pancakes



We will use the one line notation.

De�nition 2.3. The identity permutation � 2 Sn maps each element of
the set f 1; 2; : : : ; ng to itself. Thus, in our one line notation, for � 2 Sn ; � =
(1 2 3 : : : n).

Also, each time the chef 
ips a stack of pancakes, a portion of the per-
mutation is reversed. We can de�ne this 
ip as a pre�x reversal:

De�nition 2.4. Given � 2 Sn , a pre�x reversal at � i of � = (� 1 � 2 : : : � i : : : � n)
is � 0 2 Sn such that � 0 = (� i : : : � 2 � 1 � i +1 : : : � n).

Example 2.5. Let � 2 Sn , such that � = (4 7 2 1 5 3 6). The pre�x reversal
of � at 5 is � 0 = (5 1 2 7 4 3 6).

Thus, the Pancake Problem translates to conducting pre�x reversals on
a permutation until the identity permutation is achieved.

3 Initial Algorithm

After experimenting with a few small permutations, one can create a trivial
algorithm to �nd the minimum number of reversals needed to obtain the
identity permutation.

Lemma 3.1. The lower bound for the number of reversals needed to trans-
form a permutation, � 2 Sn , to the identity is at most2n reversals.

Proof. We show this using the following algorithm:

1. Given � 2 Sn , reverse at the largest number that is not in its sorted
position. (Note: a number is in its sorted position when � i = i .)

2. Reverse so that number is in its sorted position.

3. Repeat steps 1 and 2 until the identity permutation is achieved.

Since it takes at most two reversals to sort each element of � to its sorted
position, it will take at most 2n reversals to transform � to � . ut

Example 3.2. Given the permutation, � = (3 1 5 4 2). Following the trivial
algorithm,
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1. Doing step 1 of the algorithm, we reverse the permutation at 5 to obtain
(5 1 3 4 2).

2. Doing step 2 of the algorithm, we reverse the permutation at 2 to obtain
(2 4 3 1 5).

3. Doing step 1 of the algorithm, we reverse the permutation at 4 to obtain
(4 2 3 1 5).

4. Doing step 2 of the algorithm, we reverse the permutation at 1 to obtain
(1 3 2 4 5).

5. Doing step 1 of the algorithm, we reverse the permutation at 3 to obtain
(3 1 2 4 5).

6. We do not need to do step 1 of the algorithm, so we reverse the per-
mutation at 2 to obtain (2 1 3 4 5).

7. We do not need to do step 1 of the algorithm, so we reverse the per-
mutation at 1 to obtain (1 2 3 4 5).

Therefore, it takes 7 reversals to transform � to � . This is less than the
maximum of 10 because we did not need to reverse two times when sorting
1 and 2. It is common for this algorithm to result in fewer than 2n reversals
in practice.

4 Gates' Algorithm

As an undergraduate at Harvard University in 1979, Bill Gates was presented
the Pancake Problem in his Combinatorial Mathematics class as an example
of a problem that was simple to propose, but di�cult to solve. In just a few
days, Gates returned to his professor, claiming that he had created a general
algorithm in order to rearrange a permutation � 2 Sn . Gates and his advisor,
Christos Papadimitriou, decreased the lower bound of reversals from 2n to
5n+5

3 � 1:667n, by classifying a permutation based on its block structure and
creating an algorithm that will transform any � 2 Sn to � . What follows are
a few de�nitions about his block structure.

De�nition 4.1. Given the permutation, � 2 Sn .
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� If j� i � � j j � 1 (mod n), then i is consecutive to j .

� If j� i � � i +1 j = 1, then the pair (i; i + 1) is an adjacency in � .

� A block is a maximal length sublist, x = � i � i +1 : : : � j � 1 � j = y, such
that there is an adjacency between � a and � a+1 for all i � a � j . We i; i



our classi�cation of � is B � C A D .

Gates and Papadimitriou thus de�ne an algorithm which classi�es a per-
mutation into one of nine cases based on the structure of the initial element
and its consecutive elements (shown below). Once the case is identi�ed for
a permutation, the detailed reversals are performed creating a newly ar-
ranged permutation. This process is repeated until the identity permutation
is achieved.

Example 4.3. Suppose we are given � 2 S7 where � = (2 3 4 7 6 1 5).

By Gate’s Algorithm,

1. The permutation begins with the block (2; 3; 4) and 2 is consecutive to where



Gates' Algorithm - Reversal Sequences
Case Reversal Sequence Description

1
B A Singleton B at the beginning of the permutation is
! BA consecutive with a singleton A.

2
B A � Singleton B at the beginning of the permutation is
! BA � consecutive with the left endpoint A of a block A � .

3

B � A � C Singleton B at the beginning of the permutation is
! A � B � C consecutive with the last elements (A and C) of 2
! � AB � C separate blocks � A and � C.
! C � BA �
! � CBA �

4
B � A Left endpoint of block B � at the beginning of the
! � BA permutation is consecutive with a singleton A.

5
B � A � Left endpoint of block B � at the beginning of the
! � BA � permutation is consecutive with A in block A � .

6

B � C D � Right endpoint C in block B � C at the beginning is
! C � B D � consecutive with left endpoint D in block D � .
! B � CD �

7

B � C � D Right endpoint C in block B � C at the beginning is
! C � B D � consecutive with right endpoint D in block � D .
! � DC � B

8

B � C � A D The block B � C is at the beginning, left endpoint B is
! D A � C � B consecutive with right endpoint A in block � A. The
! � A D � B endpoint C of B � C is consecutive with a singleton D
! B � D A � occurring to the right of � A.
! D � A �

9

B � C D � A The block B � C is at the beginning, left endpoint B is
! D C � B � A consecutive with right endpoint A in block � A. The
! D � B � A endpoint C of B � C is consecutive with a singleton D
! A � B � D occurring between the block B � C and the block � A.
! � A � D
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intact until 2008, when a group of researchers at the University of Texas
at Dallas lowered the bound to 18

11n � 1:636n with the use of high-powered



1. Reverse at � k+1 .
This results in the permutation: � k+1 � k+2



Algorithm 3. Suppose that � c = (� 1 � 2 : : : � k � k+ i � k+2 : : : � k+ i � 1 � k+1 � k+ i +1 : : : � n).
The distance of the transposition, (� k+1 � k+ i ) is greater than 2.

1. Reverse at � k .
This results in the permutation: � k : : : � 2 � 1 � k+ i � k+2 : : : � k+ i � 1 � k+1 � k+ i +1 : : : � n .

2. Reverse at � k+ i .
This results in the permutation: � k+ i � 1 : : : � k � k+2 : : : � k+ i � 1 � k+1 � k+ i +1 : : : � n .

3. Reverse at � k+1 .
This results in the permutation: � k+1 � k+ i � 1 : : : � k+2 � k : : : � 1 � k+ i � k+ i +1 : : : � n .

4. Reverse at � k+2 .
This results in the permutation: � k+2 : : : � k+ i � 1 � k+1 � k : : : � 1 � k+ i � k+ i +1 : : : � n .

5. Reverse at � k+ i � 1.
This results in the permutation: � k+ i � 1 : : : � k+2 � k+1 � k : : : � 1 � k+ i � k+ i +1 : : : � n .

6. Reverse at � 1.
This results in the permutation: � 1 � 2 : : : � k � k+1 � k+2 : : : � k+ i � 1 � k+ i � k+ i +1 : : : � n .
This is the identity.

The general case of Algorithm 3 results in six pre�x reversals. However, if
the transposition is located at the beginning of the permutation, ie. k = 0,
then steps 1 and step 2 are not necessary, and there are only four pre�x
reversals needed. Also, if the transposition is located at the second element
of the permutation, ie. k = 1, then step 1 is not necessary, and there are
only �ve pre�x reversals needed.

Lemma 5.8. For � c described above, the maximum number of reversals re-
quired to transform � c to � is 6.

We combine the preceding three lemmas in the following theorem.

Theorem 5.9. For � 2 Sn , such that � can be decomposed into only one
transposition, the maximum number of reversals required to transform� to �
is 6.

Example 5.10. Suppose we are given � 2 S8 where � = (1 2 6 4 5 3 7 8).
We see that the distance of the transposition, (3; 6) is 6 � 3 = 3.
Thus by Algorithm 3,
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1. Reverse at 2: (2 1 6 4 5 3 7 8)

2. Reverse at 6: (6 1 2 4 5 3 7 8)

3. Reverse at 3: (3 5 4 2 1 6 7 8)

4. Reverse at 4: (4 5 3 2 1 6 7 8)

5. Reverse at 5: (5 4 3 2 1 6 7 8)

6. Reverse at 1: (1 2 3 4 5 6 7 8)

Thus, my algorithm only requires 6 reversals compared to Gates’ algorithm,
which requires 10 reversals.

As seen from the example above, my algorithm requires less reversals
than Gates’ algorithm. Gates’ algorithm seems to require a maximum of
10 reversals as seen from the permutation below. We show the reversals
for this particular permutation since the transposition has a large distance
and is not located at the very beginning or end. We consider which types
of permutations result in my algorithm requiring less reversals than Gates’
algorithm in Section 6.

Lemma 5.11. Given � 2 Sn such that
� = (� 1 � 2 : : : � k � k+ i � k+2 : : : � k+ i � 1 � k+1 � k+ i +1 : : : � n). By Gates' algo-
rithm, � falls into the case,B � C



5. Reverse at � k+2 : (� k+2 : : : � k+ i � 1 � k+1 � k : : : � 1 � n : : : � k+ i +1 � k+ i )
(Case 4)

6. Reverse at � k+ i � 1: (� k+ i � 1 : : : � k+2 � k+1 � k : : : � 1 � n : : : � k+ i +1 � k+ i )
(Case 5)

7. Reverse at � n : (� n � 1 : : : � k � k+1 � k+2 : : : � k+ i � 1 � n� 1 : : : � k+ i +1 � k+ i )
(Trivial algorithm)

8. Reverse at � k+ i : (� k+ i � k+ i +1 : : : � n� 1 � k+ i � 1 : : : � k+2 � k+1 � k : : : � 1 � n)
(Trivial algorithm cont.)

9. Reverse at � n� 1: (� n� 1 : : : � k+ i +1 � k+ i � k+ i � 1 : : : � k+2 � k+1 � k : : : � 1 � n)
(Trivial algorithm cont.)

10. Reverse at � 1: (� 1 : : : � k � k+1 � k+2 : : : � k+ i � 1 � k+ i � K + i +1 : : : � n� 1 � n)
(Trivial algorithm cont.)

This is the identity permutation. ut

We can also use these three algorithms when a permutation decomposes
into two (or more) disjoe� can 2(can)-334(2(can)4(2(ca(7.977utation.)]TJ/F389et2se2pping]TJ/F33 72se2pping]TJ/lgorith)1(m)-327(con)27((1)]TJ/F35 11.9552 Tf 6.72(more))-327(disjoe�)-334(can)-334(2(.2 Tf 15.135 1.79rthr1-27(erm)27(u0]TJ/F39 7.9701The7(c2 T250(TJ/2f 15.135 1.79rth521F33 72se2ppi2se2ppi2se2ppi2se2ppi2se2ppi2se07(w)27(o)-326((or)-326(more))-327(d17.5F))667((5)-)]TJ -29.265 -24.40955Td [6 7.9701 Tf 6.654 decomp)-27(os[(� 5.138 0 T [(�)]TJ/F33 7.97011.292.884 0 TS327(the)-326(iden)2/F359)27(y)-326(p)-27(erm)-326(more))3 7 11.9552 Tf 1ionr)se0e[(�)]TJ/F33 7.97031.831[6 7.9701 Tf 6.654:)-166(:)-167((�  -17.559 =250(8 Tf 9.022 1.793 Td [(�)626(85 1.793 Td [(:)-167(:)-166(:)-167(�)]TJ/F36 7.9701 Tf.793 Td [(k)]TJ/F33 7.9701 Tf 4.622 0 Td [(+1)]TJ/F35 11.9552 Tf 15.134 1.793 Td [(�)]TJ/F36 7.970129.265 -24.408 109k)]TJ/F33 7.9701 Tf 4.622 0 Td [(+)]TJ/F36 7.9701 Tf 6.587 0 Td [(i)]TJ/F39 7.9701 Tf 2.883 0 Td [(�)]TJ/F33 7.9701 Tf 6.586 0 Td [(1)]TJ5.375.22 1.793 Td [(�)]TJ/F36 7.9701 Tf 6.654 -1.793 Td [(k)]TJ/F33 7.9701 Tf 4.621 0 Td [(+)]TJ/F36 7.9701 Tf 1.793 Td [(�)]TJ/F34.307ivial)-327(algorith)1(m))]TJ
0 g 0 G
 -14.958 -24.408 Td [(8.)]TJ
0 g 0 G
 [-490(Rev)28(erse)-327(at)]TJ/F35 11.9552 Tf 72.1)]TJ/F35 11.9552 Tf 8.634 1.793 Td [(�)]TJ/F36 7.9701 Tf 6.654 -1.793 Td [(n)]TJ/F19 11.9552 Tf 5.636 1.793 Td [())]TJ -346.587 0 Td [(i)]TJ/F39 7.9701 Tf 2.883 0 Td [(�)]TJ/F33 7.9701 j.732 -14.446 Td [(�/F35 11.9552 Tf 7.283 1.793 Td [(�)]n)27(t.))]TJ -29.265 -24.40-391.0G
 -12TJ/F3 Tf 6.725 1.793 Td [(:)-167(:)-166(:)-167(�)]TJ/F36 7.9701 Tf 22.386 -1.793 Td [(k)]TJ/F33 7.9701 Tf 4.622 0 lf 6.586 0 Td [(1)]TJ5.1)]TJ -354.726 -14.446 Td [((T)82(rivial)-32f 5.636 1.793 Td [())]TJ -346.587 0 Td [(i)]TJ/F39 7.9701 Tf 2.883 0 Td [(�)]TJ/F33 7.9701 j.732 -1 g 0 G
 -20.811 87k)]TJ/F33 7.9701 Tf 4.622 0 Td [(+)]TJ/F36 7.9701 Tf 6.587 0 Td [(i)]TJ/F39 7.9701 Tf 2.883 0 Td [(�)]TJ/F33 7.9701 lTf 72.1)]TJ/F35 11.9562 Tf 8.634 1.793 Td [(�)]TJ/F36 7.9701 Tf 6.654 -1.793 Td [(n)]TJ/F19 11.9552 Tf 5.636 1.793 Td [())]TJ -346.732 -)27(utation.)]TJ/F38 11.9552 Tf 380.573rm)-326(more))3759552 Tf 6.750ie..95551ionr



5. Reverse at 1: (1 2 3 4 5 8 7 6)



4. Reverse at � k+ i +1 : (� k+ i +1 : : : � k+ j � 1 � k+ l � k+ j +1 : : : � k+ l � 1

� k+ j � k+ l+1 : : : � n � 1 : : : � k� 1 � k � k+ i � 1 : : : � k+1 � k+ i )
(Case 9 cont.)

5. Reverse at � k+1 : (� k+1 : : : � k+ i � 1 � k � k� 1 : : : � 1 � n : : : � k+ l+1

� k+ j � k+ l � 1 : : : � k+ j +1 � k+ l � k+ j � 1 : : : � k+ i +1 � k+ i )
(Case 4)

6. Reverse at � k+ i � 1: (� k+ i � 1 : : : � k+1 � k � k� 1 : : : � 1 � n : : : � k+ l+1

� k+ j � k+ l � 1 : : : � k+ j +1 � k+ l � k+ j � 1 : : : � k+ i +1 � k+ i )
(Case 5)

7. Reverse at � k+ l : (� k+ l � k+ j +1 : : : � k+ l � 1 � k+ j � k+ l+1 : : : � n

� 1 : : : � k� 1 � k � k+1 : : : � k+ i � l � k+ j � 1 : : : � k+ i +1 � k+ i )
(Case 9)

8. Reverse at � k+ j : (� k+ j � k+ l � 1 : : : � k+ j +1 � k+ l � k+ l+1 : : : � n � 1 : : : � k� 1

� k � k+1 : : : � k+ i � l � k+ j � 1 : : : � k+ i +1 � k+ i )
(Case 9 cont.)

9. Reverse at � k+ i : (� k+ i � k+ i +1 : : : � k+ j � 1 � k+ i � 1 : : : � k+1 � k � k� 1 : : : � 1

� n : : : � k+ l+1 � k+ l � k+ j +1 : : : � k+ l � 1 � k+ j )
(Case 9 cont.)

10. Reverse at � k+ j � 1: (� k+ j � 1 : : : � k+ i +1 � k+ i � k+ i � 1 : : : � k+1 � k � k� 1 : : : � 1

� n : : : � k+ l+1 � k+ l � k+ j +1 : : : � k+ l � 1 � k+ j )
(Case 9 cont.)

11. Reverse at � k+ l � 1: (� k+ l � 1 : : : � k+ j +1 � k+ l � k+ l+1 : : : � n � 1 : : : � k� 1

� k � k+1 : : : � k+ i � 1 � k+ i � k+ i +1 : : : � k+ j � 1 � k+ j )
(Case 4)

12. Reverse at � k+ j +1 : (� k+ j +1 : : : � k+ l � 1 � k+ l � k+ l+1 : : : � n � 1 : : : � k� 1

� k � k+1 : : : � k+ i � 1 � k+ i � k+ i +1 : : : � k+ j � 1 � k+ j )
(Case 5)

13. Reverse at � n : (� n : : : � k+ l+1 � k+ l � k+ l � 1 : : : � k+ j +1 � 1 : : : � k� 1 � k

� k+1 : : : � k+ i � 1 � k+ i � k+ i +1 : : : � k+ j � 1 � k+ j )
(Trivial Algorithm)
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6 Statistics



We complete a similar analysis for the double, disjoint, non-overlapping
transpositions. Let x; y; a; b; c2 Z such that, given � 2 Sn ,

(� 1 : : : � k|



� disjoint transpositions such that two transpositions are overlapping: ie.
� = (6 2 9 4 5 1 7 8 3).

� non-disjoint transpositions, or a 3-cycle: ie. � = (1 4 3 7 5 6 2).
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A Statistical Analysis

Single Transposition Cases

x a b Alyssa Gates Di�erence
1 0 0 1 1 0
1 0 1 1 1 0
1 0 2+ 1 1 0
1 1 0 3 3 0
1 1 1 3 3 0
1 1 2+ 3 7 4
1 2+ 0 3 4 1
1 2+ 1 3 3 0
1 2+ 2+ 3 7 4
2 0 0 1 1 0
2 0 1 1 1 0
2 0 2+ 1 1 0
2 1 0 3 4 1
2 1 1 3 3 0
2 1 2+ 3 7 4
2 2+ 0 3 5 2
2 2+ 1 3 3 0
2 2+ 2+ 3 7 4

3+ 0 0 4 4 0
3+ 0 1 4 8 4
3+ 0 2+ 4 8 4
3+ 1 0 5 5 0
3+ 1 1 5 8 3
3+ 1 2+ 5 5 0
3+ 2+ 0 6 6 0
3+ 2+ 1 6 10 4
3+ 2+ 2+ 6 10 4
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Double Disjoint Transposition Cases



Double Disjoint Transposition Cases (cont.)

x y a b c Alyssa Gates Di�erence
2 2 0 0 0 4 4 0
2 2 0 0 1 4 6 2
2 2 0 1 0 4 6 2
2 2 0 1 1 4 4 0
2 2 1 0 0 6 6 0
2 2 1 1 0 6 9 3
2 2 1 0 1 6 8 2
2 2 1 1 1 6 13 7
2 2 0 0 2+ 4 6 2
2 2 0 2+ 0 4 6 2
2 2 0 2+ 2+ 4 4 0
2 2 2+ 0 0 6 6 0
2 2 2+ 2+ 0 6 8 2
2 2 2+ 0 2+ 6 8 2
2 2 2+ 2+ 2+ 6 6 0
2 2 0 1 2+ 4 4 0
2 2 0 2+ 1 4 4 0
2 2 1 2+ 0 6 8 2
2 2 2+ 1 0 6 8 2
2 2 1 0 2+ 6 8 2
2 2 2+ 0 1 6 8 2
2 2 1 1 2+ 6 11 5
2 2 1 2+ 2+ 6 10 4
2 2 1 2+ 1 6 6 0
2 2 2+ 1 1 6 6 0
2 2 2+ 2+ 1 6 6 0
2 2 2+ 1 2+ 6 6 0

22



Double Disjoint Transposition Cases (cont.)

x y a b c Alyssa Gates Di�erence
3+ 3+ 0 0 0 10 8 -2
3+ 3+ 0 0 1 10 12 2
3+ 3+ 0 1 0 10 10 0
3+ 3+ 0 1 1 10 14 4
3+ 3+ 1 0 0 11 14 3
3+ 3+ 1 1 0 11 11 0
3+ 3+ 1 0 1 11 10 -1

3+ 3+ 3+

3+

3+

3+

3+

3+3+

3+ 3+ 3+ 3+

3+

3+ 3+

3+

3+
3+

352 Tf 985m
[]0 d 0 J 0.398 w 0 0 m 295.974 572.6710 1.326 572.671 cm
[]0 d 0 J 0.398 42.042047m
[]00.76005 TT
q
1 0 

Q
BT
/4[]0 d 0 J 0.398 w 0 0 m 0 14.446 l S
Q
q
1 0 0 1 274.933 5135.39876024 Td [(3+)]TJ
ET
q
1 0 0 1 1551]0  l S

Q
BT
/F19 11.9552 Tf 412.55 68.76005 Td [(3+)]TJ
ET
q
140.398w 0 0 m 47m
[]0  l S

Q
BT
/F19 11.9552 Tf 343.86 68.7600T
/F19 11.9552 Tf 412.55 68.76005 Td [(3+)]TJ
ET
q
140.398w 0 0 m 47m
[]0  l  J 0.398w 0 0 m 47m
[]0  l S
2
q
1 0 0 1 128671 cm
[]0 d.398 w 0 0 m 48cm
[]0 l S
Q
q
1TJ
ET
q
0 0 m 47.398w 0 0 m 47m
[]0  l  J 0.32
q
1 0 0 1 128671 cm
[]0 d.398 w 0 0 m 48cm
[]0 l S
Q
q
1TJ
ET
q
0 0 m 47.398w 0 304 53.91161 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 5d [(3+)]TJ
ET
q
1 0 0 1 155.326 557.827 cm
[]0 d 017.398 w 0 0 m45.294 c l S
Q
BT
/F0 l S
Q
q
1 4BT
/F19 11.9552 Tf 197.321  Tf 412.55 68.76005 Td [(3+)]TJ
ET
557.827 326 572.50 0 1 155.326 498.45 11.9552 Tf552 Tf 412.540]0 d 0 J 0.398 w 0 0 m 0 14.446 l 005 Td [(3+)]TJ
ET
557.827 3255.326 498.45 11.95528.76005 Td [(3+)]TJ
ET
q
1 042.540]0 ET
q
1 0 0 1 155.326 557.82 cm
[]0 0 1 155.326 572.671 c0.67111.945 11.95.
Q
BT
/F19 11.9285.326 572.671cm
[]0 d
1 0 0 1e 557.82 cm
[]0 0 1 155.326 572
..97 155.326 572.671 c0.67111.945 11.95.
Q
BT
/F19 11.9285.326 572.671cm
q
1 0 

0 0 1e 557.825 J 0.398 w 0 0 m 0 14.446 l 155.326 572.671 c0.67111.945 11.95.
Q
BT
/F19 11.9285.326 572.671cm  l S

Q
0 0 1e 557.8552 Tf 412.55 68.76005 Td [( Td [(3+)]TJ
ET
q
1 042.540]0 ET
q
1 0 0 1 155.326 557.82 c40.398w 0 8.87 0 14.446 l S
Q
q
1 0 0 1 128.413 542.783 cm
[]0 d 0 J 0.398 w 005 22295.974 0 l S
Q
q
1 0 0 1 128.413 528.138 cm
[]0 d 0 J 0.398 w 0 0 m 0 42 0 m 4 48cm
[]0 l S
Q
q
1TJ
ET
q
0 0 m 405 22295.974 0 l S
Q
q
1 0 0 1 128.413 528.138 cm
[]0 d 0 J 0.398 w 0 48cm
[]2 0 m 4 48cm
[]0 l S
Q
q
1TJ
ET
q0 304 5305 22295.974 0 l S
Q
q
1 0 0 1 128.413 528.138 cm
[]0 d 0 J 0.398 w 08T
/TJ
]2 0 m 4 48cm255.326 498.45 11.95594 c l S05 22295.974 0 l S
Q
q
1 0 0 1 128.413 528.138 cm
[]0 d 0 J 0.398 w  0 m 047m2 0 m 4 48cmBT
/F19 11.9552 Tf 224.23 6805 22295.974 0 l S
Q
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1 0 0 1 128.413 528.138 cm
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Q
q
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Q
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1 9TJ
ET
q
1 042.540]0 ET
q
1 0 []0 d 0 J 0.39]0 d 0 J 0.398 42.042T
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[]0 d
1 0 0 1e 557.82 c[8372
..97 155.326 572.671 c0.67[( Td [(3+)]TJ
ET
q
1 042.540]0 ET
q
1 0 0 1 155.326 557.82 c40.398.76005 Td [( Td [(3+)]TJ
ET
q
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ET
q
1 0 0 1 155.326 513.294 cm
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ET
q
1 0 0 1 155.326 513.294 cm
[]0 d  0m 47m98 w 0 48cm
[]2 0 m 4 48cm255.326  0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 cm
[]0 d  0m 47m98 w  0 m 047m2 0 m 4 48cmBT
/F19  0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294  m 0 14.4 0m 47m98 w  0 m 047m2 0 m 4 48cmBT
/F19  0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294  6 557.82 0m 47m98 w 5 22295.974 0 l S
Q
q
1 0 0  0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 0 m 4 48cmBT
/F19  0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294  48cm255. 0m 47m98 w 1.955945]0 d 0 J 0.398 w 0 0  0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294  6 572.67 0m 47m98 w 130 1e 557.82 c[]0 d
1 9TJ
ET 0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 26 557.82 0m 47m98 w 1 0 1e 557.82 c[8372
..97 15 0 4852 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 0 m 4 48c8 w 0 0 m 0 188.413 498.45 cm
[]0 d 0 J 0.398 w 0 0 m 0 14.446 l S
Q
BT
/F19 3949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 cm
[]0 d.62 128.98 w 0 48cm
[]2 0 m 4 48cm
[]0 l 3949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 cm
[]0 d.62 128.98 w 0 48cm
[]2 0 m 4 48cm255.3263949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 cm
[]0 d.62 128.98 w  0 m 047m2 0 m 4 48cmBT
/F193949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 m
[]0 d .62 128.98 w 0.398 w 2 0 m 4 48cmBT
/F193949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294 m26 557..62 128.98 w  0 m 047m2 0 m 4 48cmq
1 0 03949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 0 m 4 48cmBT
/F193949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294  48cm255.62 128.98 w 1.955945]0 d 0 J 0.398 w 0 03949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 513.294  6 572.6.62 128.98 w 1 0 m 0 14.446 l S
Q
BT
/F193949TJ2 Tf 134.391 517.628 Td [(3+)]TJ
ET
q
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ET
q
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ET
q
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ET
q
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ET
q
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/F19379.6911.9552 Tf 412.530784 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 498.45 c 26 557..856 55798 w  0 m 047m2 0 m 4 48cmq
1 0 0379.6911.9552 Tf 412.530784 Td [(3+)]TJ
ET
q
1 0 0 0 m 4 48cmBT
/F19379.6911.9552 Tf 412.530784 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 498.45 c 48cm255.856 55798 w 1.955945]0 d 0 J 0.398 w 0 0379.6911.9552 Tf 412.530784 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 498.45 c 6 572.6.856 55798 w 1 l S

Q
0 0 1e 557.8552 Tf 379.6911.9552 Tf 412.530784 Td [(3+)]TJ
ET
q
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ET
q
1 0 0 0 m 4 48cBT
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Q
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/F19364.8552 Tf 134.39468.76005 Td [(3+)]TJ
ET
q
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[]0 d360 188.98 w 0 48cm
[]2 0 m 4 48cm
[]0 l 364.8552 Tf 134.39468.76005 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 572.671 cm
[]0 d.60 188.98 w 0 48cm
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ET
q
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ET
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ET
q
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ET
q
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ET
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ET
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ET
q
1 0 0 1 155.326 557.827 cm
[]0 d.54934.98 w 0 48cm
[]2 0 m 4 48cm255.326350.0052 Tf 134.39453.91161 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 557.827 cTf 412..54934.98 w d [(3+)]TJ
ET
557.827 326 5350.0052 Tf 134.39453.91161 Td [(3+)]TJ
ET
q
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/F19350.0052 Tf 134.39453.91161 Td [(3+)]TJ
ET
q
1 0 0 1 155.326 557.827  6 557.8.54934.98 w 0 m 048cm
[]0 l S

BT
/F19 350.0052 Tf 134.39453.91161 Td [(3+)]TJ
ET
q
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/F19350.0052 Tf 134.39453.91161 Td [(3+)]TJ
ET
q
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1 0 0 1 155.326 498.45 cm
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ET
q
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ET
q
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ET
q
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[]0 l 364.8552 Tf 134.39468.76005 Td [(3+)]TJ
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[]2 0 m 4 48cm
[]0 l 364.8552 Tf 134.39468.76005 Td [(3+)]TJ
ET
q
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[]2 0 m 4 48cm
[]0 l 364.8552 Tf 134.394688cm25529T
/68.98 w 60.94m
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[]0 l 364.8552 Tf 134.39468.76005 Td [(3+)]TJ
ET
q
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ET
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Q
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ET
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Q
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Q
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ET
q
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ET
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Q
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q
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Q
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3+
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